A closed-form expression is derived for the optical transfer function of a diffraction limited system under polychromatic illumination. The expression is useful in a method for the accurate and efficient computation of the optical transfer function of an optical system. The expression is also useful in the theoretical analyses of the optical system. This method is illustrated with an example where the optical transfer function of the human eye is computed.
I. Introduction
During our recent work in the area of machine vision on a new method for finding the distance of objects [1] , [2] , it became necessary for us to know the optical transfer function (OTF) of a camera under ambient illumination such as white light. A search by us to find an analytic model of the white-light OTF in the optics literature was unsuccessful, although substantial literature was found on OTF for monochromatic light. A twodimensional Gaussian has sometimes been suggested as a possible model for the OTF of a camera [3] , [4] , but only as an approximation; a theoretical model appears not to have been derived. This motivated the current work.
An analytic expression is known in optics for the OTF of a diffractionlimited system for incoherent monochromatic illumination. Here this expression is integrated with respect to wave length to obtain an explicit expression for the OTF under polychromatic illumination. The integration of the original expression was performed with the help of MACSYMA [5] , a computer program that can perform complex symbolic manipulations on mathematical expressions. (MACSYMA is available on most main-frame computers and is easy to use. See Appendix A.)
The OTF derived here is useful in the efficient estimation of the OTF of an optical system. This method is illustrated with an example. First we con-sider the OTF of a system with circular exit pupil. Section III deals with the case of a square exit pupil.
II. Derivation of OTF: circular exit pupil
The geometry of an aberration-free diffraction limited system with a circular exit pupil is shown in Fig. 1 . In this figure, l is the diameter of the aperture and d i is the distance between the aperture and the image detector plane. The OTF of such a system for monochromatic incoherent light of wave length λ is given in Goodman [6] to be
where ρ is the spatial frequency in polar coordinates (H is circularly symmetric, and hence independent of θ). The quantity ρ 0 is given by
Note that 2ρ 0 is the spatial cutoff frequency of the system. (Interestingly, the spatial cutoff frequency of the same system under coherent illumination is only half of this, i.e. ρ 0 [6] . Therefore incoherent illumination may often be more desirable than coherent illumination.) Fig. 2 shows H(ρ,λ) for a particular λ. In order to find the OTF for white light with a constant spectral distribution, equation (1) should be integrated with respect to the wave length λ. Simple integration without regard to the phase of electromagnetic field distribution is justified because, for incoherent illumination, the imaging system can be treated as a linear mapping of light intensity [6] .
Using the notation
otherwise.
for t≤ λ 1
The MACSYMA symbolic integration program was used to integrate the above expression for H with respect to λ. The indefinite integral is
The derivative of the above expression can be easily verified to be the original expression in equation (4) . Now we consider the actual estimation of the OTF using the above expression.
For an optical system (e.g. Fig. 1 ) let S(λ) be the normalized spectral distribution of the object radiance, M(λ) be the effective normalized spectral transmittance of all the media through which the light originating from the object and incident on the image detector traverses, and R(λ) be the normalized spectral response of the image detector. Then, the overall normalized weighting function P(λ) is defined by
and the effective OTF of the system is given by
We next consider the derivation of O(ρ) for two different models of P(λ)
and then mention how the case of a general P(λ) can be handled by a piecewise polynomial approximation.
Example 1. Constant model of P (λ):
Consider the case where P (λ) is uniform in an interval [λ min ,λ max ]. Let
Referring to Fig. 3 , we define the following quantities:
Note that, ρ min , ρ max , and ρ ′ are the spatial cutoff frequencies of the system for wave lengths λ max , λ min , and ρ ′ respectively. In particular, it should be noted that, the cutoff frequencies decrease with increasing wave lengths. Now the OTF is obtained by evaluating the definite integral
for ρ min ≤ρ=ρ ′ <ρ max for 0≤ρ<ρ min The same limits used in the evaluation of the definite integral in equation (10) will appear twice more in this paper. A clear understanding of them now will be of much help later. Therefore we urge the reader to pause for a moment and be convinced of their correctness.
Note that, except at the two points ρ min and ρ max , the function O(ρ)
above is continuous and differentiable everywhere.
In the above example we have assumed P (λ) to be a constant in the interval [λ min ,λ max ]. If P (λ) is not constant, then the above method can still be used by approximating P (λ) by a function that is piecewise constant in small intervals. Indeed we can do better than this; we found (using MACSYMA) that not only H (ρ,λ), but also λ n H(ρ,λ) is also integrable in closed-form for at least n =0,1,2,3,4,5,6. (We suspect that it is integrable for all positive integer values of n, but we did not investigate this further because in most practical applications the values 0 to 6 may suffice.) Therefore, an arbitrary function P (λ) can be approximated by a piecewise polynomial of order up to six and the OTF can be computed very efficiently. In particular, piecewise linear approximation may suffice in most practical applications. The relevant integral, obtained using MACSYMA, is given below.
We illustrate the use of the above equation to obtain the OTF with an example next.
Example 2. Linear model of P(λ):
We used equation (11) above to compute the OTF of the human eye. The P (λ) corresponding to the human eye is shown in Fig. 4 . The interval in which P (λ) is non-zero was divided into seven intervals at λ i for i =1,2,..,8.
In each interval the function was taken to be linear of the form:
The approximate values of λ i ,m i, and c i are given in Table 1 .
For a piecewise linear approximation of P (λ) we have (12.1)
where G 0 , G 1 are as in equations (5) From this expression, the OTF is computed as
P(λ) dλ
and m =7. The resulting normalized OTF for the human eye is shown in Fig.   5 . This method of computing OTF should be compared to the experimental methods referred to in [7] .
Equations (12), (13) and (14) above are actually valid for arbitrary P (λ); they are not restricted to a piecewise linear model of P (λ). Therefore they can be used even when P (λ) is approximated by a piecewise polynomial function (at least up to order six). Some useful integrals (obtained using MACSYMA) for this purpose are given in Appendix B. The OTF O(ρ) defined by an equation such as equation (14a) is analytic everywhere except at a small finite number of points corresponding to λ i .
The expressions for OTFs in equations (10) and (14) are valid only for the case of an aberration-free diffraction limited system. If aberrations are present, then the expressions will be different. Till now we have described a method for finding the OTF of an optical system with a circular aperture. Analogous results can be derived for the case of square aperture. The integral in this case is much simpler than that for a circular aperture. We consider this next.
III. Derivation of OTF: square exit pupil
Let l be the width of the square aperture of an optical system and, as before, let d i be the distance between the aperture and the image detector.
For a diffraction-limited system, the OTF for incoherent monochromatic light illumination is given in [6] to be
In the above expression, f x , f y are the spatial frequencies along the x and y axes respectively. This OTF has the form of a pyramid as shown if Fig. 6 .
This OTF is symmetric in the four quadrants of the f x , f y plane. Therefore the OTF for white light also will be symmetric in the four quadrants.
Because of this symmetry, we will consider finding the OTF in only the first quadrant corresponding to f x ≥0 and f y ≥0. Having determined the OTF in one quadrant, the OTF in the other quadrants is determined through mirror reflection. Therefore we have
It is trivial to integrate the above expression with respect to λ. Further, (18) ρ = maximum(f x , f y ) . Now the required definite integral is given by an equation that is almost exactly the same as equation (13); only the arguments of G and H need to be changed from (ρ,λ) to (f x , f y ,λ). We repeat it here for clarity:
The actual OTF can then be obtained using the following equation which is similar to equation (14a):
where A is given by equation (14b) and m is the number of intervals.
IV. Conclusion
An analytic expression is derived for the OTF of a diffraction-limited system for polychromatic illumination. The expression has been derived for circular and square exit pupils. It may also be possible to derive such analytic expressions for many other shapes of exit pupils. The steps would be similar to the case of circular (or square) exit pupil. This work is useful in modeling the OTF of an optical instrument. 
Description:
MACSYMA is a large computer programming system written in LISP. 
Appendix B. Some Useful Integrals
Let H (ρ,λ) be as defined by equations (4) and (3) . Then the following integrals will be useful in obtaining OTF by modeling P(λ) by piecewise quadratic and cubic polynomials. These integrals were obtained using MACSYMA.
∫ λ
2 H(ρ,λ)dλ = 3
As mentioned in the main text, λ n H(ρ,λ) is integrable for at least n =0,1,2,..,6. Therefore if one wishes to use a polynomial model of order more than three for P(λ) then we suggest the use of MACSYMA to get the integrals. We do not list the integrals here for n =4,5,6,... as the expressions are cumbersome and their use in practical applications is questionable. Fig. 1 . A diffraction-limited system with circular exit pupil. Fig. 2 . OTF of a diffraction-limited system with a circular exit pupil under incoherent quasimonochromatic illumination (after Goodman [6] ). Table 1 .
